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Abstract. We sharpen the two main tools used to treat the compactified Jacobian of a singular 
curve: Abel maps and presentation schemes. First we prove a smoothness theorem for bigraded 
Abel maps. Second we study the two complementary filtrations provided by the images of 
certain Abel maps and certain presentation schemes. Third we study a lifting of the Abel map 
of bidegree (m, 1) to the corresponding presentation scheme. Fourth we prove that, if a curve is 
blown up at a double point, then the corresponding presentation scheme is a P^-bundle. Finally, 
using Abel maps of bidegree (m, 1), we characterize the curves having double points at worst. 



1. Introduction 

Let C be an integral projective curve over a field. For the most part, we'll work with 
flat families of such C over an arbitrary locally Noetherian base scheme. However, for 
the sake of simplicity in this introduction, we'll fix C and assume that the base field is 
algebraically closed of arbitrary characteristic. Given n, let denote the component of 
the Picard scheme parameterizing invertible sheaves of degree n, and let denote its 
natural compactification by torsion-free rank-1 sheaves. These schemes are (essentially) 
independent of n, and they are often called the (generalized) Jacobian of C and its 
compactified Jacobian. 

To treat J^, there are two main tools: Abel maps and presentation schemes. Abel 
maps were studied in [4], and presentation schemes in [5]. In the present paper, we'll 
advance those studies, and tie them together. Notably, we'll develop the theory we need 
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to be able in [7] to prove the following autoduality theorem: given an invertible sheaf I 
of degree 1 on C, the corresponding Abel map Aj^c- C ^ Jq induces an isomorphism, 

and q is independent of X, at least when C has at worst double points. (We'll discuss 
the Abel map next, and we'll outline the proof of the autoduality theorem at the end of 
the introduction.) However, in the present paper, we'll develop the theory in its natural 
generality, not simply in the special cases we'll need in [7]; moreover, this general theory 
is of independent interest. 

Abel maps are forgetful maps. Let T he a. torsion-free rank-1 sheaf of degree / on C, 
and X an invertible sheaf of degree m. By definition, the Abel map, 

Ax,^:Quot^^ J^+^-", 

carries a subsheaf JT" C to the isomorphism class of X ® JT", forgetting JF. In practice, 
two particular choices of T are especially important: (1) = Oc, whence Quot^ = C 
and QuotJ- = Hilb^, and {2) T = UJ, where UJ is the dualizing sheaf. As above, when 
= Oc, we'll write simply Ax^c- 

We'll study the Aj^j: by bundling them together, as X varies but T is fixed, to form a 
bigraded Abel map of bidegree (m, n), 

A^: X QuotJ- ^ J^+-^-". 

When JF = Oc, we'll write Ac- Now, Ajtr extends naturally over the subset of Jq x Quot^ 
of pairs (X, J') such that X is invertible where J' is not. By Corollary (2.6), the extension 
of Ac is smooth and surjective if C is Gorenstein. In [7] , we'll only use Ac on x C, 
but we'll make essential use of its smoothness, or rather, of its flatness. 

Corollary (2.6) follows from Theorem (2.4), which can be formulated as follows. For 
any sheaf Q on C, set Q* := Homc{Q, iO). For any m and n > 0, let W^'^ be the subset 
of Jc X Quot^ of pairs (X, J') such that X* is invertible where J'* is not. Let g be the 
arithmetic genus of C, and define another bigraded Abel map of bidegree (m, n), 

a^: ^ j/-25+2+m-n ^^^j-^ _ ^ j^y _ 

Theorem (2.4) asserts that acj is smooth and surjective. We'll prove it by checking the 
infinitesimal criterion, which is usually the most manageable way to prove smoothness, 
especially when the source and target are not smooth. 

Since is smooth, it's flat, so open. Hence, we can construct an open flltration of Jq 
as follows. Fix any closed subset Y of C. Let Jcy '•^ "^c ^® open subset of sheaves 
X such that X* is invertible along Y. Set 

W^l^ W^'"" n (J^^y X Quot^) and JjJ. au;{W^%^'''). 

Let S denote the drop in the genus from C to the partial normalization along Y. Then, 
by Proposition (4.4), the open subsets J^'y provide an exhaustive increasing filtration, 

jn T^,0 f— f— jn,S Tn,5+1 Jn 

'JC,Y — '^C,Y 5^ • • • i= '^C,Y — '^C,Y — ■■ ■ — Jc- 

For example, take Y = C. Then 5 is the difference between the arithmetic genus and 
the geometric genus of C. Now, for every m, define a map 

l: ^ 4^-2-"^ by := I\ 

Then = 1; so i is an isomorphism, and = t. We have = i(J^^~^~™). Hence, 
J^(-i is smooth. Moreover, W^l^ is equal to x Quot^. Since auj is smooth, it 
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follows that, locally in the smooth topology, J^c isomorphic to Quot^; hence, these 

two schemes have singularities of the same type. Since J^'^ = J^' singularities of 

are thus of the same type as those of Quot^ for k > 6. Previously, this result was known 
only for A; > — 1; in this case, it is a consequence of the smoothness and surjectivity 
of which was proved in [4, (8.4), p. 103]. 

If C is Gorenstein, then tensoring with U defines an isomorphism Hilb^ Quot^; 
in particular, then C Quot^. Therefore, the singularities of J^c then of the 
same type as those of C. Furthermore, Theorem (6.7) asserts that, C being Gorenstein, 
C has at worst double points if and only if J^'^ is large enough to contain all the points 
of of dimension at least g — 1- The latter condition may be replaced by the bound 
dim(J2 — V) < g — 2 where V stands for the image of J^~^^ x C under Ac, according 
to Corollary (6.8). Indeed, since C is Gorenstein, a torsion-free rank-1 sheaf X on C is 
invertible if and only if X* is invertible; whence Jc~^ — Jc^^^ '^cc ~ ^ ■ 

Presentation schemes arise when a birational map C*" — > C is given. Although 
induces a map on the Jacobians (p*: Jq ^ J^^. , nevertheless, when cp is nontrivial, (p* does 
not extend to a regular map from Jq to J^^ (because such an extension would restrict 
to an inverse of (p, where C and are viewed as embedded by Aj^c and ^<^*x,ct for 
any given invertible sheaf X on C of degree n + 1, see [4, (8.8), p. 108]). To obtain a 
modification of on which (p* does extend, we could form the graph of (p*, and take 
its closure in x J^^ . However, there is a more useful modification, and it is one of a 
series of projective moduli spaces P,^'^, known as the "presentation schemes." 

The presentation scheme P^'^ is defined as follows; see (3.1). Let y C C be the subset 
where ^ C fails to be an isomorphism, and give Y the subscheme structure defined 

by the conductor ideal ly of (p. Then P^'^ parameterizes the pairs (X, X^^) consisting 
of a torsion-free rank-1 sheaf 1^ of degree n on and a subsheaf X of (p^I^ such that 
(p^T^ /T is an Oy-module of length r; in other words, P^'^ parameterizes presentations, 
which are the corresponding injective maps /j,:X — > (p^T^ . 

The presentation scheme P^''^ is useful because there are natural maps, 

where S is the genus drop from C to C'''. These maps are defined simply by sending a 
pair (X,Xt) to X and to Xt. If we understand tt^ and K^p well enough, then we may now 
derive properties of J^'^^~'^ from those of J^t • 

In particular, P^'^ is a suitable modification of J^. Indeed, restricting yields an 
isomorphism, 

its inverse is defined by sending an invertible sheaf £ on C to the canonical presentation 
C —>■ <^*<y?*>C. Hence, tt,^ extends ip*. 

When C and are Gorenstein, Corollary (5.5) describes n^, locally in the smooth 
topology, over a larger open subset of than Jg. More precisely. Corollary (5.5) says 
that there is a map A,^ that completes the product square in the following diagram: 

J^+' X Ct . = (1 X <p)-'W-+}'' P^'^ 



IXtp 



□ 



jn+1 X c < = w^+}'' — ^ — > Ja 
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where Wy'^'^ ■= Wy^Q^ . Note that, since C is Gorenstein, Ac extends over VFy^^'^, 
and Ac{Wy'}^'^) contains Jg. 

Corollary (5.5) follows from Theorem (5.4), which makes a similar statement about 
aj^: Wy^ Jc where r := m — 1 + f — 2g + 2 for any of degree /. On the other 
hand, Corollary (5.5) generalizes [5, (17)], which makes a cruder assertion in the special 
case where Y is an ordinary node or cusp. 

When C and are Gorenstein and also is smooth along := (p~^Y, Theorem 
(4.9) describes, in terms of k<^, the complementary decreasing closed filtration. 

Namely, Theorem (4.9) asserts that 

- J^^J. = iK^(P^''5-'=-i) where m := 2t/ - 3 - /c - n; 
moreover, iK^p restricts to an isomorphism of schemes, 

(lu- \-'^( T^^k+l jn,k \ ^ , / jn,k+l jn,k \ 
y>Jc,Y '^C,y) ^ WC,Y '^C,y)^ 

where the source is an open subscheme of p^9-^-n.,s-k-i ^^^^ where the target is the 
scheme-theoretic image. In [10], Rego proved versions of some of the preliminary results 
in Section 4. 

Concerning tTj^, our main result is Theorem (6.3), which asserts that, if (/?: — > C is 
the blow-up at a double point, then tt^ makes P<^'^ a (Zariski locally trivial) P-^-bundle 
over J^^. Theorem (6.3) extends [5, (10)], again relaxing the condition that Y is an 
ordinary node or cusp. 

Throughout, we'll work with projective curves and with projective families of curves 
because our goal is to further the theory of the compactified Jacobian. However, in a 
number of places, this hypothesis is unnecessary, provided, when needed, we assume that 
the birational maps at hand are proper. In this way, with little or no effort, we can 
generalize the following results: (3.4), (3.7), (3.8), (4.2), (5.1), (6.1), (6.2) and (6.4). To 
do so, though, we must also make minor changes in the preliminary discussions in (2.1), 
(2.2), (3.1), and (3.2). 

In outline, here's how the preceding results are used in [7] to prove the autoduality 
theorem stated above. First of all, it is relatively easy, using the determinant of coho- 
mology, to construct a right inverse to Aj q. The hard part is to prove that Aj ^ is a 
monomorphism. So let A/" be an invertible sheaf on J^. Suppose that N" corresponds to 
a point of Picjo , and that Aj (jM is trivial. We have to prove that M itself is trivial. 

In [7], we'll prove a form of the theorem of the cube, and use it to prove that A^ qM 
is independent of I. In fact, AqN is, on Jq x C, the puUback of a sheaf A/i on Jq. The 
next step is to prove that Mi is trivial. 

If C is smooth, then the autoduality theorem is already known. So assume that C 
has a singular point Q, which, by hypothesis, is a double point. Let Lp:C^ C be the 
blowup at Q. Then tt,^ makes P^'^ a P^-bundle over J^^ by Theorem (6.3). On each 
P^, the restriction of k*A/" is trivial because N corresponds to a point of Picjo . Hence, 

A/" is the puUback of a sheaf N"^ on J^^ . 

Set X^^ := Lp*X. Using the commutativity of the product square above and the com- 
mutativity of a related square that is also treated in Corollary (5.5), we can see that 
^xt ct-^^ equal to (f*A'^ ^yAf, which is trivial by assumption. Now, also has at 
worst double points by Part (1) of Lemma (6.4). So by induction on the genus drop to 
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the normalization, we may assume that autoduahty holds for . Hence Af^ is trivial. 
Since TT* A/"'" is equal to k* A/", the latter is trivial. So thanks again to the commutativity 
of the product square above, (1 x cpYA'^M is trivial. Since (1 x (p)*A*(jJ\f is, on x C\ 
equal to the puUback of Mi , the latter is trivial as desired. 

Once again, consider the product square above, and recall that Ac is smooth by 
Corollary (2.6). Consider the descent data on (1 x if)* AqM with respect to A,^; since 
K* jV' is trivial, this data is trivial. Hence, so is that on AqM with respect to Ac- Thus 
M\V is trivial, where V := Ac{J}^ x C). Since dim(Jg - V) <g-2hy CoroUary (6.8) 
and since is known to be of dimension g and Cohcn-Macaulay [1, (9), p. 8], therefore 
Af is trivial as desired. Thus the autoduality theorem is proved. 

In short, in Section 2, we introduce the bigraded Abel maps ajr and Ajr, and prove 
that they are smooth and surjective when T = UJ and when T = Oc and C is Goren- 
stein, respectively. In Section 3, we introduce the presentation schemes P^'^ and the 
maps Ki^: P^'^ —>■ J^"*"*^"^ and n^: P^''^ J^^, and we prove some general properties of 
theirs. In Section 4, we use certain Abel maps and presentation schemes to produce two 
complementary filtrations of Jq. In Section 5, we construct a lifting of the Abel map 
ajr of bidegree (m, 1), and prove that the lifting completes a product square generalizing 
the one above. Finally, in Section 6, we consider C with double points, and tie together 
the material in the preceding sections. In particular, wc show that, if — C is the 

blow-up at a double point, then tTj^ makes P^'^ a P^-bundle over J^^. We also char- 
acterize the C having at worst double points as those Gorenstein C whose Abel map 
Ac'.Jc! x C ^ Jq has, in its image, every point of dimension g — 1, where g is the 
arithmetic genus. 



2. Abel maps 

(2.1) The compactified Jacobian. Recall some basic theory from [2], [3], or [4]. Let 
C/S be a flat projective family of integral curves; by such, we mean that the scheme S 
is locally Nocthcrian, and the structure map C — > 5 is flat and projective, and has 
geometrically integral fibers of dimension 1. By a (relative) torsion-free rank-1 sheaf X 
on C/S, we mean an S'-flat coherent Co-module X such that, for each point s of S, the 
fiber I{s) is a torsion-free rank-1 sheaf on the fiber C{s). Moreover, we say that X is of 
degree n if each X(s) satisfies the relation, 

X{l{s)) - xiOcis)) = n; (2.1.1) 

here n is an integer- valued function that is constant on each connected component of S. 

Given n, form the etale sheaf associated to the "presheaf," or functor, that assigns to 
each locally Noetherian S'-scheme T the set of isomorphism classes of torsion- free rank-1 
sheaves of degree n on Ct/T (where Ct stands for C x T). This sheaf is representable 
by a projective S'-scheme, denoted J^/S' "^C' simply J"^. It (obviously) contains 
jn ._ pic^^^ as an open subscheme. 

Forming the scheme J"^ commutes with changing the base S; that is, for every S'-scheme 
T, we have a natural isomorphism, 

jn —In V T' 
'^Ct/T — ^CjS ^ • 

Furthermore, if the smooth locus of C/S admits a section, then every T-point of J" 
arises from some torsion- free rank-1 sheaf on Ct/T. In particular, then C x J'^ carries 
a universal (or Poincare) sheaf. 
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(2.2) The dualizing sheaf. Let C/5' be a flat projective family of integral curves. We'll 
denote its (relative) dualizing sheaf by UJc/Sj or UUc, or simply UU. Recall some basic 
facts about UJ; see [4, (6.5), p. 95] for example. 

First, forming UJ commutes with changing the base; that is, for every (S-scheme T, the 
puUback UJt of UJ to Ct is the dualizing sheaf of Ct/T. 

Second, is a torsion-free rank-1 sheaf on C/S, and it is of degree 2g — 2, where g 
denotes the (locally constant) arithmetic genus (of the fibers) of C/S. 

Third, let T be an ^S-scheme, and X a torsion-free rank-1 sheaf on Ct/T. Then the 
sheaf Ext]j^{I,UJT) vanishes on the fibers. Therefore, the sheaf 

X* := HomcT{I,UJT) 

is flat over T, and forming it commutes with changing T by [4, Thm. 1.10, p. 61]. Hence, 
X* is torsion free and of rank 1 on Ct/T. Say X is of degree m. Then X* is of degree 
2g — 2 — m because, on each fiber X{t), duality yields the relation, 

x{im = -xm). 

Fourth, the natural map is an isomorphism, 

X ^ (X*)*. (2.2.1) 

Indeed, it suffices to check this statement on each fiber; so we may assume that S is the 
spectrum of a field. Then the map is well known to be an isomorphism locally at each 
point of C; see [6, Thm. 21.21c, p. 538] for example. So, in particular, UJ* — Oc since 

Fifth, if C is Gorenstein, then UJ is invertible. Hence, if X is invertible at Q £ C't, 
then so is X*. The converse follows because of (2.2.1). 

Sending X to X* defines a bijection on T-points, so an isomorphism, 

^m. jm ^ j2g — 2 — m 

Its inverse is /,25-2-m jg ^j^g mth component of a canonical involution of the whole 

compactified Jacobian ]J J"^. We will often abbreviate by i. 

(2.3) Ahel maps and tensor products. Let C/S be a fiat projective family of integral 
curves. Let be a torsion-free rank-1 sheaf of degree f on C/S, and n > 0. Recall that 
there is a natural map, 

^5-: Quot^ J-^-", 

called (the nth component of) the Abel map in [4, (8.2), p. 101]; it is defined on T-points 
by sending a short exact sequence, 

O^J^J^T^Q^O, to J. 

We will often abbreviate by Ay^. 

Particularly important is the case where T — UJ. In this case, T* — Oc- So the 
injection J ^ Tt corresponds to a map, 

u:Oc^ ^ J\ 

On each fiber of Ct/T, the support of Q is finite; hence, on each fiber, u is nonzero, 
so injective. Therefore, u is injective and its cokernel is flat by [8, IV3-II.3.7, p. 135]. 
Moreover, if J* is invertible, then u corresponds, in turn, to a relative effective Cartier 
divisor D whose associated sheaf is J* . Thus the composition, 

ioAuj: Quot^; J", 
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may be viewed as a natural extension of the traditional Abel map for the Jacobian, which 
carries a relative effective Cartier divisor D to its associated sheaf 0{D). 

Let m and n be arbitrary integers, and let JJ"^'^ be the open subscheme of the product 
jm ^ jn i\yQ^ represents the etale sheaf associated to the subfunctor whose T-points are 
the pairs of torsion- free rank-1 sheaves (X, J) on Ct/T such that X is invertible where 
J is not. Then, sending (J, J) ioX ® J defines a map, 

^m,n. jjm,n ^ jm+n. 

indeed, X (8> is a torsion-free rank-1 sheaf because locally X ® is isomorphic to X or 
to J. We will often abbreviate by /i. 

Assume n > again. Let T be arbitrary, and form the map and preimage. 

Finally, restrict t x (to Aj^) to W^'**, and follow with to//, obtaining a map, 

jy^''^ _^ jf-2g+2+m-n 

We'll call a^'^ the higraded ylfte/map associated to T ^ and often abbreviate a^'"^ by ctjr. 

Note that, if a T-point t of W^'"^ represents a pair of sheaves X and J on Ct/T^ where 
J" is a subsheaf of the pullback jFj-, then X* is invertible where J'^ is not, and aj^{t) 
represents the sheaf /C defined by the formula, 

/C := (X* ® J*)\ (2.3.1) 

Another important case occurs when J-' = Oq- Then it is customary to write Hilb^ 
instead of Quot^^. Let's also abbreviate W^^ by W^'"" , and a^'^ by a^'" or ac- 

Theorem (2.4). For any flat projective family of integral curves, the higraded Abel 
map associated to UJ , 

is smooth and surjective. 

Proof. Let C / S he the family. To prove that a^j is surjective, we may assume that 
S is the spectrum of an algebraically closed field. Now, given a closed point of J"^~"^, 
let /C be a corresponding sheaf on C. Let Q be a simple closed point of C, and set 
J := UJ{-nQ) and X := JC{nQ). Then 

I*^J-' = lC{-nQ) ® OcinQ) = /C*. 

Thus auj is surjective. 

Let's now prove that a^j is smooth. It is if it is after we change the base via a smooth 
surjective map 5" S. So we may assume that the smooth locus of C/S has a section. 

Let's use the infinitesimal criterion for smoothness [8, IV4-17.5.4, p. 69]. So assume 
that S is the spectrum of an Artin local ring. Let S' be a closed subscheme of S whose 
ideal is of length 1. Set C := C x S' and UJ' :=_ UJ\C'. Given an S"-point w' of W^^'"" 
whose image under auj lifts to an S'-point k of J"*""', we must construct an S'-point w 
of Wj^'" such that w\S' = w' and Q;a;(w) = k. 

Since the smooth locus of C/S has a section, w' arises from a pair of sheaves X', J'' on 
C / S' , where J^' is a subsheaf of UJ' with fiat quotient. Similarly, k arises from a sheaf 
K, on C/S. In these terms, we have to lift X' to a flat sheaf 1 on C/S and to lift J' to a 
subsheaf J oiUJ such that Formula (2.3.1) holds. Note that UJ / J is automatically flat 
by [8, IV3-II.3.7, p. 135]. 
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Since C is of dimension one, J'* is invertible off a finite set Y\. But X'* is invertible 
at each point of Y\ since the pair (X', J') corresponds to the -S-point w' of W'U''^. So 
X'* is trivial on some affine open subscheme U[ of C containing Yi; fix a triviahzation 
$,[:Oc\U[ X'*\U[. The complement I2 of U[ is also finite, and J'* is invertible 
at each point of F2, because U[ contains Yi. Hence J'* is trivial on some affine open 
subscheme U2 containing F2; fix a triviahzation C'c|t^2 J'*\U2- 

Let's first lift X' . Tensoring ^3 by X'*\U2 yields an isomorphism r]2'-X'*\U2 A^*|C^2- 
Set U[2 := U[ n U^. Define ^^2:^01^^(2 ^ ^*\U[2 by — ^2^1- Let [/i and U2 
denote the affine open subschemes of C on the same underlying sets as U[ and Set 
U12 '■= Ui n U2- Since /C* is fiat and since U12 is affine, lifts to a triviahzation ^12 
of ]C*\Ui2. Use ^12 to patch together Oc\Ui and /C*|t/2, and then apply the operator 
The result is a lifting X oiX' . In addition, we obtain isomorphisms ^1: Oc\U\ X*\Ui 
and ri2'-X*\U2 }C*\U2 lifting ^[ and 773, respectively. 

Of course, X is not unique. However, the difference between it and any other lifting is 
represented by a vector in 

R^{C",Homc"{I"\l"*)); 

here and below, " means the restriction over the reduced point of 5". We will find a 
suitable vector to use to modify X so that we can construct a suitable lifting J oi J' . 

The inclusion of J' in UJ' corresponds to an injection u': Oc ^ whose cokernel 
is flat; see (2.3). Let a' G (C/2) ^c) be such that u'\U2 = a'^2- Since U2 is afiine, a' lifts 
to an element a G T{U2, Oc)- Use a to define a divisor D of C with support in U2; note 
that a is regular and that D is fiat by [8, IV3-II.3.7, p. 135], because D\U2 is just the 
divisor associated to the injection u'\U2. Set D' :— D\C' . 

Set v' := u'<Sili'*, so v':X'* — > /C'*. By construction, v'\U2 = a'?72; so v'\U2 is injective. 
Since X'*\U{ is trivial, v'\U{ is injective with flat cokernel, because u'\U{ is so. Thus v' 
factors through an injection, 

v'o-.X'* ^ }C'\-D'), 

whose cokernel is flat, because the cokernel of v'\U[ is so, and because Vq\U2 is bijective. 

Consider the obstruction to lifting v'q to a map from X* to /C*(— D). This obstruction 
is represented by a vector, 

eGExt^,, {X"\IC"*{-D")). 

The "local obstruction" is the image of e in 

Ii''{C",Extl.„{X"\}C"\-D"))), 

and it vanishes; indeed, it vanishes on because X" is trivial there, and it vanishes on 
U2 because v'\U2 lifts to ar]2- Hence, 

e G Il^{C'\Homc"{X"\lC"*{-D"))) C Ext^„ (X"*, r'*(-L>")) ■ 

Since v'q is injective and its cokernel is flat, its restriction to C" is injective. So the 
restriction's cokernel has finite support. Hence the restriction induces a surjection, 

H^ (C", Home (X"*, X"*)) ^ H^ (C", Home {^"\ 1C"\-D"))) . 

Lift e and modify X. Then e vanishes, so v'q lifts to a map t'o:X* ^ IC*{—D). Composing 
vq with the inclusion of )C*{—D) in /C*, we obtain a map v:X* — > /C* lifting w'. 

Finally, define a subsheaf ^7 of as follows. On Ui, define to be the image of the 
injection K.\Ui ^ OJ\Ui corresponding under the operator ★ to the composition v^i. On 
U2, define J to be UJ{—D). Then J lifts J'; it does so on Ui because X* is trivial there. 
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and it does so on U2 because J'\U2 = UJ'{—D')\U2 by construction of D' . Moreover, 
v: X* — > /C* factors as follows: 

v.X* ^X* ®J* ^IC, 

where the first map is obtained by tensoring the injection Oc ^ J* with T*, and the 
second is an induced isomorphism. The theorem is now proved. 

Corollary (2.5). Let C/S he a flat projective family of integral curves, and assume 
that C/S is Gorenstein. Then the bigraded Abel map associated to Oc, 

is smooth and surjective. 

Proof. Since UJ is invertible, tensoring with it defines two isomorphisms, 

r: J"^ ^ jm+29-2 ^. jjjj^n ^ Q^^^n _ ^2.5.1) 

Moreover, an arbitrary sheaf >C on C is invertible at a given point if and only if C ^ U) 
is so. It follows that 

(r X (7)(W^2^'") = ^-^+23-2,- and ao; o (r X (j) = T o T o ac- 
The assertion now results from Theorem (2.4). 

Corollary (2.6). Let C/S be a flat projective family of integral curves, and assume 
that C/S is Gorenstein. Then the Abel map, 

Ac: W^"'" ^ J"""", defined by (T, J)^X®J, 

is well-defined, smooth, and surjective. 

Proof. Thanks to Corollary (2.5), we need only prove that, with r as in (2.5.1), 

Ac = Toac. (2.6.1) 

First, let's make a simple general observation: given any three quasi-coherent sheaves 
Ai, J^, and V on any scheme, the canonical map is an isomorphism, 

Hom{M,V)®M^Hom{M,V®M), (2.6.2) 

if M. is invertible where Af isn't. Indeed, the question is local, and the map is functorial 
in M. and jV. However, the question is trivial if either or jV is trivial. 
Whether C/S is Gorenstein or not, adjoint associativity and (2.2.1) yield 

(X* ® J*Y = Hom(X*, Hom(J*, UJt)) = Hom(X*, J). (2.6.3) 

Now, (X, J) defines a T-point of W^'^; so X* is invertible where J* is not. Since C/S 
is Gorenstein, J'* is invertible precisely where is, and UJ is invertible everywhere; see 
(2.2). Hence, (2.6.2) and (2.2.1) yield 

Hom{X*,J) = Hom{X* ,UJt) ® {J ® OJt^) = X®J®UJ-'^. (2.6.4) 

Thus (2.6.1) holds, and the corollary is proved. 

3. Presentation schemes 

(3.1) Existence. (See [5].) Let p:C ^ S and p^:C^ S he flat projective families 
of integral curves, and <^: — > C a (relative) birational (S-map; that is, (p is an jS-map 
whose fibers (p{s): C\s) — > C{s) are all birational. Then (f is proper and quasi-finite, so 
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finite. Its comorphism (f'^-.Oc f*Oct has injective fibers; so (f^ is injective and its 
cokernel is fiat. Set 

:=length((^,Oct/Cc)(s)). 

By fiatness, 5^p is locaUy constant. We'U call 5^ the genus drop from C to C^^ or along 
(fi, and we'll often abbreviate by S. 
In C and , form the sets, 

Y := Supp((/^*C»ct/C»c) and := (/^-^y, 

and give them the subscheme structures defined by the annihilator ly of (p^Oct /Oc- 
We'll call Y G C and Y^ C the conductor subschemes, and the conductor ideal of 
C''' /C or (p. Note that evaluating at 1 induces an isomorphism, 

Hom{<f,OcuOc) ^Iy. 

Moreover, if T is an S'-scheme, then Yt contains the conductor subscheme in Ct of (pT, 
and these two subschemes of Ct have the same underlying set. 

li 5 = 1, then p restricts to an isomorphism Y S, and Y''' is S-fiat of relative length 
2. Furthermore, forming Y and Y^ commutes with changing S. (See [5, Prop. 2, p. 17].) 

By duality theory, {(p*Oc^)* = ¥?*(0^t)- Since UJc = and CJ^t = C'^t' 
comorphism t^*^ gives rise to a map, 

c^-.if^UJc^ UJc- 

Furthermore, is injective, Cok{c^p) is a fiat C^^-module of relative length S, and forming 
c^p commutes with changing S. 

Suppose C/S is Gorenstein along Y. Then UUc is invertible wherever <^*Oct isn't. So 

Hom{(p^Ocf , UJc) = Hom(ip^Oci , C^c) ® UJc 
by the general fact explained in the proof of Corollary (2.6). Hence 

if.UJci = V*iOct) = {^*Octy = Hom{^,OcuOc)®UJc = Ty®UJc, (3.1.1) 

and so Cok{c^p) = Oy ® UJc- Therefore, Y is flat of relative length 5, and forming 
Y commutes with changing S. Also, is flat of relative length 26, and forming Y^^ 
commutes with changing S because of the short exact sequence, 

^ Oc/Iy ^ ^*Oct/lY ^ ^.Oci/Oc ^ 0. 

Let T be an S'-scheme, and a torsion-free rank-1 sheaf on Cj,/T. By definition, a 
presentation of for (f is an injective map, 

h:I ^ (pT*l\ 

(where (pT '-= <p x It) such that Cok{h) is a T-fiat Oy^ -module. 

If Cok{h) has relative length r over T (resp., if is of degree n), then we'll say that 
h is of colength r (resp., of degree n). If so, then X is a torsion- free rank-1 sheaf on 
Ct/T, and it is of degree n-\- 5 — r. For example, the comorphism ip^: Oc 'P*Oc\ is a 
presentation of colength 5. 

Since Yt contains the conductor subscheme of (/?t, any presentation for (^t is a pre- 
sentation for (f. The converse holds if 5 = 1 or if C/S is Gorenstein along F, because 
then forming Y commutes with changing S, as noted above. 
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Two presentations, /ii:Xi — (fT*1i and h2:T2 — * (fT*l2^ considered equivalent 
if there exist an invertible sheaf Af on T and a commutative diagram with vertical 
isomorphisms, 

Xi — > (pT*^i 

X2 ® p^Af V'T*X| ® p^AA 

For each n and r, there exists a projective S'-schcmc P"'*^ that parameterizes the 
presentations of colength r of sheaves of degree n up to equivalence; the existence of 
P^''^ is proved in two different ways in [5, Thm. 12, p. 22] for r = 5, but both proofs work 
for any r. More precisely, if there exists a universal sheaf on x J^^, where J^^ is 
the compactified Jacobian, then the T-points of P^''^ (or S'-maps T — > P"'^) correspond 
bijectively to the equivalence classes of presentations of colength r and degree n for (fx', 
in other words, then P^'^ represents the functor of equivalence classes of presentations. 
In general, P^^''^ represents the associated etale sheaf. 

Forming P^''^ commutes with changing S ii 5 = 1 or if C/5' is Gorenstein along 
Y, because, as noted above, then any presentation for (fT is a presentation for (p, and 
conversely. 

(3.2) Copresentations. Let — > C be a birational 5'-map of flat projective families 
of integral curves. Let T be an S'-schcmc, and a torsion-free rank-1 sheaf on Cj,/T. 
By a copresentation of X^ for we'll mean an injective map, 

c: (fT^T^ X, 

such that X is a torsion-free rank-1 sheaf on Ct/T, and Cok{c) is a T-flat (9Yj,-module. 
If Cok{c) has relative length r (resp., if X^ is of degree n), then we'll say that c is of 
colength r (resp., of degree n). For example, the natural map c<^: (/p^CJ^^t — > OUc is a 
copresentation of colength 5. 

The operator of (2.2) commutes with (fT*', indeed, duality theory provides a canonical 
isomorphism, 

{ifT.i^r = iPT.{i^*). (3.2.1) 

So c gives rise to a map, 

c*:X*^(^T*(:i^*). 

Its source and target are torsion-free rank-1 sheaves on Ct/T, and forming c* commutes 
with changing T. Hence, c* is injective, and Cok{c*) is T-flat. 
The cokernels of c and c* are also related by duality theory: 

Cok{c*) = Ext^{Cok{c),UJcT) and Cok{c) = Ext\Cok{c*),Ucr)- 

Hence the two cokernels have the same annihilator. So Cok{c*) is an Oy^-module. Thus 
c* is a presentation of X^ of the same colength as c. For example, c* is equal to the 
comorphism Oc f*Ocu 

Similarly, every presentation /i:X — > (pT*^^ gives rise to a map, 

which is a copresentation of the same colength. Moreover, h** = h and c** = c. Further- 
more, the notion of equivalence of presentations gives rise to a notion of equivalence of 
copresentations. Therefore, for each n and r, the presentation scheme P^''^ parameterizes 
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the copresentations of colength r of sheaves of degree 2g — 25 — 2 — n up to equivalence, 
where g denotes the (locally constant) arithmetic genus of C/S. 

(3.3) Maps from P^'"^ . Let — ^ C be a birational .S-map of flat projective families 
of integral curves. There are natural maps from P^-'' to the compactified Jacobians of 
C/S and CyS: 

^n,r._ pn,r ^ jn+5-r ^n,.^ pn,r ^ Jn^ _ 

They are defined by sending a presentation h:I ^ ^t*!"^ to X and to T^, respectively. 
They are well defined because they respect equivalence; tt^'^ does so thanks to Lemma 
(3.4) below (it is a special case of [5, Prop. 3, p. 18], with a simpler proof). We will often 

abbreviate k^''^ and tt"''^ by and tt^. 

It follows from the definitions that tt^'*^ is an isomorphism. So the composition, 

,n — n,0/ n,0\-l. In jn+S 
^tp •— f^ip y^ip ) • <^Ct '^C ' 

is defined; it carries a sheaf 2^ on Cj,/T to (pT*I^ ■ We'll often abbreviate by e^p. 

Lemma (3.4) implies that e<^ is a monomorphism. Since it is also proper, it is a closed 
embedding. So in [5, 5, p. 19], was termed the canonical embedding. It commutes with 
the canonical involution of (2.2); indeed. Equation (3.2.1) says that Le^p — e^pL. 

Lemma (3.4). Let ip: C be a birational S-map of flat projective families of 

integral curves. Let X\ and X\ be two torsion-free rank-1 sheaves on / S, and let 
u: <^*X| — >• (fi^xl be a map. Then there is a unique map u^:X\ — >• X\ such that ^p^v) = u. 

Proof. Consider the following diagram on C^: 

(p*(p^X{ )• (p*(f^X^ 

X^ J"'" 

where the vertical maps are the canonical maps. They are surjective since (f is finite. 
Hence, since their targets are fiat, forming their kernels commutes with passing to the 
fibers. On the fibers, their kernels have finite support because the fibers of (p are bira- 
tional. Hence the left kernel maps to zero in X^; indeed, the latter is fiat and torsion-free 
on the fibers of C^/S', so its associated points are the generic points of their fibers. 
Hence there is a unique map u^:Xl x\ making the above diagram commutative. By 
adjunction, (p^u^ = u, and the proof is complete. 

Proposition (3.5). Let ip: ^ C be a birational S-map of flat projective families 
of integral curves. IfC^S is smooth along the conductor scheme F^, then, locally in the 
etale topology on J^yg, the map n^'^ is isomorphic to the following second projection: 

Proof. Set J+ := Jgt/s- We may replace S by an etale covering; so we may assume 
that there is a universal torsion- free rank-1 sheaf on xj'^/J^. By hypothesis, Y"^ is 
contained in the smooth locus of Cy S; so the restriction !F of X^ to x is invertible. 
Let p2:Y^ X j"^ ^ denote the projection. Let s & . Since the fiber p^^(s) is finite, 
there is an open subscheme U C Ft x jt containing P2^{s) such that J^\U is free. Set 
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V := — p2{Y^ X — U). Since p2 is proper, V is an open neighborhood of s in . 
By construction, P2^V C U. Hence J^\p2^V is free. 

Set ip' := ip X Ijt and Q := {ip'^X^)\{Y x J^'). Over j\ the presentation scheme P^'^ 
is isomorphic to Quot^^^^^jt ^jt; this statement is proved in [5, Prop. 9, p. 20] for r = 5, 
but the proof works for any r. Let i/': x — * y x denote the restriction of ^p' . 
Since Q = ip^J-'., and y^\p2^^ is free, there is an isomorphism, 

g\{YxV)^{i;,OYi^jt)\{YxV). 

Hence (7r^''")^^F is F-isomorphic to Quot^^0^^/;^/5 xV. The proof is now complete. 

Proposition (3.6). Let (p-.C^ ^ C be a birational S-map of flat projective families 
of integral curves. IfC^S is smooth along its conductor subscheme , then every k^''^ 
is finite. 

Proof. Since is proper, it is finite if it is quasi-finite. Let t be a geometric point 
of J^"*"*^"^, representing a sheaf I on the fiber C{t). Form I'^ := IOc\(t)^ the quotient of 
1 ® Oc\{t) by its torsion subsheaf. Consider the natural map 

Let u:X ^ p>{t)^j'^ be a presentation. Its adjoint (f{t)*I — > factors through an 
injection u'^-.X'^ ^ . So w factors as follows: 

u:X (f{t)^X^ ^ (p{t)^J^ . 

Since Cok{u) is an Oyj-^) -module, and since C^(t) is smooth along ^^(t), there is an 
effective divisor on C^{t) such that u^{X^) = j\-D^) and such that < [Y^{t)], 
where [^^(t)] is the fundamental cycle of the scheme ^^(t). 

Given another presentation wirT — > (fi{t)^J'^, let u\:X^ — > J'^ be the induced injec- 
tion, and d\ the divisor such that u\{X^) = Jii—Dl). If d| = , then there is an 
isomorphism v: J''^ J'l such that u\ — vu^; hence, u is equivalent to ui. Now, there 
are at most finitely many effective divisors bounded by Hence the fiber of 

over t is finite. Thus the proposition is proved. 

Lemma (3.7). Let C be a projective integral curve over an algebraically closed field, 
Q E C a singular point, and A4 C Oc its ideal. Form the Oc-algebra B := Hom{A4, A4) 
and set C* := Spec(i3). Then these assertions hold. 

(1) We have B = Hom{M, Oc). 

(2) The structure map i(^:C* ^ C is birational with genus drop 1 if and only if C is 
Gorenstein at Q. 

(3) Assume that C is Gorenstein at Q, and let (p:C^ ^ C be a birational map that is 
nontrivial at Q. Then (p factors through i/j. 

Proof. Consider (1). The inclusion M. ^ Oc induces an inclusion, 

B^ Hom(M,Oc). 

It is an equality. Indeed, consider a map tt: Alg — > Oc,q- If w ^ Bq, then, since A4q 
is the maximal ideal, u is surjective, so an isomorphism. If so, then A4q is invertible. 
However, Q is a singular point. Hence u e Bq. Thus (1) holds. 

Consider (2). The basic exact sequence — > Al ^ Oc Oq yields 

^ Hom(Oc,Oc) Hom{M,Oc) ^ Ext^{OQ,Oc) ^ (3.7.1) 
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because Hom{OQ,Oc) and Ext^{Oc,Oc) vanish. The first term of (3.7.1) is equal to 
Oc- The second term is equal to B by (1). The third term is of length 1 if and only if 
C is Gorcnstein at Q. Hence (2) holds. 

Consider (3). Set A := i^^C^t- The comorphism (/jl*: Oc A induces an injection, 

u:Hom{AQ,Oc,Q) ^ Oc,q. 

If there were a map v.Aq — > Oc,q such that v(Pq{1) ^ M.q, then v would be bijective, 

and so (pq would be bijective too; hence, u{Hom{AQ, Oc,q)) C M.q- So u induces an 
injection, 

HomiMq, Oc,q) ^ Hom{Hom{AQ, Oc,q), Oc,q). 

Its source is equal to Bq by (1). Its target is equal to Aq if C is Gorenstein at Q. Thus 
(3) holds. 

Lemma (3.8). Let C be a projective integral curve over an algebraically closed field, 
and Q a singular point at which C is Gorenstein. Let M. C Oc denote the ideal of Q. 
Set B := Hom{A4, Ai) and C* := Spec(i3). Let il^:C* ^ C denote the structure map. 
Finally, let X be a torsion-free rank-1 sheaf on C. 

Then there exists a torsion-free rank-1 sheaf T* on C* such that =T if and only 
if I is not invertible at Q. If I* exists, then it is unique. 

Proof. If X* exists, then it is unique by Lemma (3.4). Now, X* exists if and only if 
X is a i3-module, so if and only if Hom{X,X) contains B, where both Oc-modules are 
viewed as fractional ideals. Hence, X* does not exist if X is invertible at Q, because then 
Hom{X,X) is equal to Oc at Q, whereas 5^ = 1 by Part (2) of Lemma (3.7). So suppose 
X is not invertible at Q. 

For convenience, set A := Oc,q and M := M.q. Set B := Bq and / := Xq. We 
have to show that BI C /. Set /' := Hom^(/, A). Then Hom^(/', A) = / because A is 
Gorenstein. Let A denote the normalization of A, and set K :— Homyi(A, A). View K 
and /' as fractional ideals too. 

Since I' A is principal, there is an element g in /' such that I' A = gA. Then we have 
gA C /' C gA. Apply HomA(— ,^) and multiply by g. We get 

K cgl CA. (3.8.1) 

Since / is not invertible, gl ^ A; hence, gl C M. 
Let M denote the radical of A. Then M C M, so 

gl C M. (3.8.2) 

Since A is normal, M is invertible; let M ^ denote the inverse fractional ideal. Set 
G := M~^K. Multiplying (3.8.2) by G yields gIG C K. So (3.8.1) yields gIG C gl. 
Therefore, 

IG C /. (3.8.3) 
Note that G <^ A. Indeed, otherwise G C K because K is the largest A-submodule of 
A. However, G = M K. So K C MK. Hence, by Nakayama's lemma, K = 0, which 
is absurd. 

Set D := A + G. Then D ^ A,hMi D A. Set D' := RomA{D, A). Then D' C A. 
Also, Hom^(L>', A) = D because A is Gorenstein. So D' / A. Hence D' C M. Therefore 
D D Hom^(M, A). Now, HomA(M, A) = B hj Part (1) of Lemma (3.7). Hence 

BI cDI = I-\- Gl. 
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So (3.8.3) yields BI C /, which was to be proved. 

Definition (3.9). Let (7/5 be a flat projective family of integral curves, and Y G C 
a closed subset. Form the subscheme of J"' parameterizing those sheaves X such that T* 
is invertible along Y, and denote this open subscheme by Jcy- 

Proposition (3.10). Let ipiC"^ ^ C be a birational S-map of flat projective families 
of integral curves, and S its genus change. If S = 1, and ifC/S is Gorenstein along the 
conductor subscheme Y , then 

In — Jn _ ( 7n-l\ 

Proof. We may assume that S is the spectrum of an algebraically closed held because 
forming Y commutes with changing S since C/S is Gorenstein along Y (or since 5=1); 
see (3.1). Then Y consists of a single point Q. Apply Lemma (3.7); its Part (3) says that 

factors through the map introduced there. The genus drop of '0 is 1 by Part (2) of 
Lemma (3.7). So ip = since 5 = 1. Let I he a torsion-free rank-1 sheaf on C. Then 
X is invertible along Y if and only if X* is so, since C is Gorenstein along Y. Hence 
Lemma (3.8) yields the assertion. 



4. Filtrations 

Definition (4.1). Let C/S he a flat projective family of integral curves, and Y G C 
a closed subset. Fix n. Using the notation of (2.3) and (3.9), set 

w^i ■■= w^cIJ'' n (J5,y X Quot^), 

J^:'y := aUW^+J'') G JS. 

Note that Wy^ and J^'y are open, the latter thanks to Theorem (2.4). 

Let — * C be a birational 5'-map, and Y now be its conductor subscheme. Let g 
denote the arithmetic genus of C/S, set m := 2g — 2 — n, and use the notation of (3.1) 
and (3.3). Finally, form the following sets: 

K^'^ :=,o^^(p-+--V)C JS, 

:= {iOK^)-\J^^y'+^''-^) G P^'^ 

By convention, take Jcy^ and to be empty. Note that L^-'' is open. 

Lemma (4.2). Let C be a projective integral curve over an algebraically closed field. 

Let ip: ^ C be a birational map, 5 its genus drop, and Y G C and Y^ G its 
conductor subschemes. Let N be a torsion-free rank-1 sheaf on C, and set 

d:=\engl\v{MOc^/M), 

where MOc\ stands for the quotient of J\f iS> Oci by its torsion subsheaf. Then the 
following statements hold. 

(1) The natural map h:J\f^ (A/'O^t ) is a presentation of colength d. 

(2) Let jC G Af be any subsheaf that is invertible along Y . Then 

length(Ar/£) > 5 - d, 

and equality holds if and only if COci = MOq^ ■ 

(3) IfJ\fO(ji is invertible along Y^ , then there exists a subsheaf M. of N such that M. 
is invertible along Y and AdOc't = MOq^ ■ 
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Proof. To prove (1), note that h is injective because is torsion-free and (p is 
birational. In addition, Cok{h) is an O^^-module since Xy is the conductor ideal, and so 

XY<f*{MOc^)=XYU dU. 

To prove (2), note that we have the inclusions, 

NOc^ D D £ and HOci D COci D C. 

So since length is additive, we get the equations, 

length(ArOct//:) = \ength{J\fOc^/U) + length(Ar/£), 

length(ArOct//:) =length(ArOct/£Oct) +length(£Oc7t/>C). 

Since C is invertible along Y, the last term of the second equation is equal to 5. Hence 

length(Ar/£) = \eivgih{MOc^ / COc^) + 5 - rf. 

The assertion follows immediately. 

To prove (3), first take Q & Y. Since MOc'^ is invertible along (^"^Q, there is an 
ag e Mq such that 

Now, define M. to be the subsheaf of M such that M.q is equal to aqOcQ ii Q eY, and 
to N'q if not. Then M has the desired properties. Thus the lemma is proved. 

Proposition (4.3). Let C be a projective integral curve over an algebraically closed 
field. Let ip:C^ ^ C be a birational map, 5 its genus drop, Y d C and Y^ C C"*" its 
conductor subschemes, and Xy its conductor ideal on C. Let JC be a torsion-free rank-1 
sheaf of degree n on C , and set 

c := length(/C/Jy/C) and d := length(/C*Oct//C*), 

where )C*Oci stands for the quotient of fC* (8) Oct by its torsion subsheaf. Let t & 
represent KL. Then the following statements hold. 

(1) Ift e JcY, then k>5-d. The converse holds if ]C*Oci is invertible along Y^ . 

(2) We have d < c. In addition, t G i^^'^ if and only if d < r < c. 

Proof. We are going to apply Lemma (4.2) a number of times with A/" := JC*. 

Let's prove (1). Suppose t e Jc'y. Then /C* = J* ® J* where J C LUc is a subsheaf 
of colength k and X is a torsion-free rank-1 sheaf on C such that X* is invertible along Y 
and where J* is not. The inclusion J ^ UUc yields an injection Oc ^ J*- Tensoring 
it with X*, we obtain an injection X* ^ /C*. Form the subsheaf £ C /C* that is equal to 
X* along Y and to JC* off Y. Then we have these relations, 

k = length( J*/Oc) > length(/C*/>C) > S - d, 

since the operator * preserves colength, since X* is invertible along Y, and since Part (2) 
of Lemma (4.2) applies. 

Conversely, suppose IC*Oci is invertible along Y^ . By Part (3) of Lemma (4.2), there 
is a subsheaf M G fC* such that M is invertible along Y and MOct = /C*Cct • By Part 
(2) of Lemma (4.2), 

length(/C*/M) = 6-d. 

In addition, suppose k > 5 — d. Set r := k — 5 + d, take a simple closed point R e C, 
and set X := M.*{rR). Then X* is invertible along Y U {-R}, and 

degX = deg/C + length(/C*/M) + length(M/X*) ^ 

= n + S — d + r = n-\-k. 
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Set H := Hom{I*, JC*) and embed Oc in H as the subsheaf of multiples of the inclusion 
map X* ^ K,*. Form the subsheaf C of H whose stalk Cq is Hq ii Q E Y \J {R}, and 
is Oc,Q otherwise. Because of the latter condition, C is invertible where X* is not. Set 
J' := £*. Consider the natural map from I* ® J* into /C*; it is an isomorphism, because 
X* is invertible along F U {i?}, and because off it, X* is equal to /C* and J* to Oc- 

There is a natural injection of Oc into J"*. Its colength is equal to the colength of 
X* in /C*. The latter is equal to degX — deg/C, so to k by (4.3.1). Applying * yields an 
injection of J into UJc-, and its cokernel is also of length k. In sum, the pair (X, J^) is 
represented by a point of W^'^y'^ a'^*^ image under is t. Thus (1) holds. 

Let's prove (2). Consider the natural map /i: /C* (/7*(/C*(9(7t); it is a presentation 
of colength d by Part (1) of Lemma (4.2). Set := (K:*Cct)*, and let /i*: 
be the copresentation associated to h. Since XylC is an (/?*0^t -module contained in 
/i*((/?*i2^), there is an Oc-t-submodule C such that h'^{ip^X^) = XyK,. The quotient 

/X^ is an -module. Furthermore, 

length(£t/xt) = length(r ((^,£t)//,*((^^2:t)) 

= length(/C/r ((^*Xt)) - length(/C/r ((^*>Ct)) 
= length(/C/Xi^/C) - length(((^*£+)*//C*) = c-d. 

Thus < c - d. 

Suppose t e -PC^'''. Then there is a presentation w: /C* — > v^^J"'' of colength r. Now, tt 
factors through h:lC* ip^{lC*'Oc^)- So d < r. Consider the associated copresentation 
u*: (p*{J'^)* — * /C. Since Cok{u*) is an (9y-module of length r, wc have r < c, as desired. 

Conversely, suppose d < r < c. Then there is a subsheaf /C '" of with D X"!^ and 
length(£^//C^^) = r — d. So the composition, 

is a copresentation of colength r precisely. So t e K'^'^, and the proposition is proved. 

Proposition (4.4). Let C/S be a flat projective family of integral curves, andY C C 
a closed subset. Fix n. Then the following statements hold. 

(1) The open subsets Jcy Provide an exhaustive increasing filtration: 

jn _ jn,0 jn,k ^ (~ \ \ 7'^''^ _ rn 

'^C,Y — '^CY i= ■ • ■ i= 'Jcy i= ■ ■ • i= UA;>0 'Jc,Y — '^C' 

(2) If, as s ranges over the geometric points of S, there is an upper bound A on the 
genus drop to the partial normalization along Y(s) of C{s), then 

jn,A Jn 

'^c,y — -Re- 
proof. It follows directly from the definitions that is equal to the identity of J^; 
whence, Jcy ~ '^cy- ^^w, forming Jc^ commutes with changing 5"; whence, so does 
forming J^'y. Hence, it suffices to check on the geometric fibers that Jc'y Q Jcy^^ 

for any k and that Jcy ~ '^c- Thus we may assume that S is the spectrum of an 
algebraically closed field. 

Let t G be a closed point, and /C a corresponding sheaf. Let C be the 

partial normalization of C along Y, and set d := length.{}C* Oci /JC*). Now, }C*Oci is 
invertible along the conductor subscheme because is smooth there. So Part (1) of 
Proposition (4.3) applies, and it says that t e J^'y if and only if k > 5 — d. Hence, if 
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t e Jc Y: then t e Jq'P'^. In addition, t e J^'y because A > S. Thus the proposition is 
proved. 

Proposition (4.5). Let C/S he a flat projective family of integral curves, (p:C^^C 
a birational S-map, 5 its genus drop, Y <Z C and C C"^ its conductor subschemes. 
Fix n. 

(1) Then Ur>o ^^''^ — ^c- V ihe genus drop to the partial normalization of every 
geometric fiber C(s) along Y(s) is bounded by A, then (J^o -^^'^ ~ "^c 

(2) IfCyS is smooth along Y\ then Ur>o -f^^''' = Jc- 

(3) If Cy S is smooth along Y^ and if C/S is Gorenstein along Y , then KJ^'^ = Jg. 

Proof. Let t be a geometric point of Jq, and /C a corresponding sheaf on C{t). 
Set K,^ := /CC(7t(t) and := JC*Oct(t): both of these products being the quotient 
of the corresponding tensor product by its torsion subsheaf. Let ip-.C — > C{t) be the 
partial normahzation of C{t) along Y{t), and 5 the genus drop along ip. Similarly, set 
C:=)C*0~. 

Apply Lemma (4.2) with A/" := /C*. Since Y{t) contains the conductor subscheme 
of v?(t), Part (1) of Lemma (4.2) implies that the natural map h:IC* —>■ (fi{t)^C^ is a 
presentation for say of co length d. Hence t G K^''^. 

Let u: IC* — > i/j^C be the natural injection, r its^colength. Then u factors through h 
because ip factors through (f{t). So d < r. Now, C is invertible along ij;~^Y{t) because 
C is smooth there. So Parts (2) and (3) of Lemma (4.2) imply that < 5 — r. Hence 
d<S. If 5 < A, then d < A. Thus (1) holds. 

Suppose C"^ / S is smooth along Y^ . Then C^(s) is the partial normalization of C(s) 
along Y{s) for every geometric point s of S. Taking A 5 in (1), we obtain (2). 

Since C^(t) is smooth along l^^(t), we have 5 — 5. So d < 5. In addition, K) is also 
invertible along Y'^ {t). Apply Lemma (4.2) to A/" := /C now. Parts (2) and (3) imply that 

length(X:V/C) < 5. (4.5.1) 

Let X be the conductor ideal on C{t) of <^(t). Set 

c := length(/C/TA:) and 5' := length(Oc(t)/^)- 

Since X = XOct(t) ^^'^ since JC^ is invertible along Y^t), we have 

length(/C+ /XJC) = 5 + 5'. (4.5.2) 

From (4.5.1) and (4.5.2), we get 

c = length(/CV2:/C) - length(/CV/C) > 5'. 

Suppose now that C/S is Gorenstein along Y. Then 5' = 5, and so d < 5 < c. Hence, 
Part (2) of Proposition (4.3) implies that t e KJ^'^. Thus the proposition is proved. 

Remark (4.6). Let C be a projective integral curve of arithmetic genus g over an 
algebraically closed field, and Y a closed point. Let (p:C^ ^ C he the partial normal- 
ization of C at y, and 5 the genus drop. Fix n. In this setting, the following statement 
holds: 

If K'^'^ = Jq, then C is Gorenstein at Y . 
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To prove it, let t e be a closed point, and K, a corresponding sheaf. Say t G K"^-'^ . 
Then there is a presentation h-.K,* — > (f^C^ of colength r. Let h*:(f^jC^* — > /C be the 
associated copresentation. Let ly be the conductor ideal. Then 2y/C C Im{h*). Hence 

length(A:/Tr/C) > colength(/i*) = r. 

Assume now that /C is invertible at Y. Then 

length(/C/Jy/C) = length (Cc/Xy). 

However, length(Oc'/Xy) < 6, and equality holds (if and) only if C is Gorenstein at Y. 
Hence, r < 5, and if r = (5, then C is Gorenstein at Y. Finally, if K'^'^ = Jg, then all the 
preceding considerations apply to any closed point t E J^, and so C is Gorenstein at Y. 

In any event, K^^'^ is closed and contains iJ^^~^~^, which is open. Hence, if is 
irreducible, then K'^'^ = Jg. Thus we obtain the following corollary: 

If is irreducible, then C is Gorenstein. 

In fact, if Jq is irreducible, then C has embedding dimension 2 at every singular point; 
this stronger result was obtained in [9, (1), p. 277] and [10, Theorem A, p. 212]. 
On the other hand, our proof yields the following sharper result: 

If the point representing UJc in the closure of ^, then C is Gorenstein. 

Indeed, if so, then e lies in the closure of iJ^~^ . So G Hence, if we take 

t := 0, n := and r := 5, then the considerations above imply that C is Gorenstein. 

Example (4.7). Here is an example where k^''' is not surjective for any integer r > 0. 
Let C be a projective integral curve over an algebraically closed field. Assume that C 
has a unique singularity Q. Assume also that the normalization map ip-.C'^^C has 
genus drop 5 greater than 1, and that the conductor subscheme F C C is of length 1, 
hence equal to Q. A concrete choice is 

C := {{s^ : : st^ : t^) G | (s : t) G P^} and Q := (1 : : : 0). 

Since is smooth, J^rt is irreducible. Since F = Q, Proposition (3.5) implies that 
P^'^ is a Grassmann bundle over J^^.. Hence, P^'*" is irreducible as well for every r > 0. 
If K^'^ were surjective for some r, then J^'^^~'^ would be irreducible. However, C is not 
Gorenstein at Q because S > 1 and length(Ci^) = 1. So J^'^^~^ is reducible by [9, (1), 
p. 277]; alternatively, see Remark (4.6). Hence k^''' is not surjective for any r > 0. 

Proposition (4.8). Let C/S be a fiat projective family of integral curves, — > C 
a birational S-map, and F^ C the conductor subscheme. If S is smooth along 
Y^ , then L^'*^ is equal to the open subscheme of P^'^ parameterizing presentations whose 
adjoint is surjective. 

Proof. Forming the adjoint commutes with changing the base; moreover, surjectivity 
may be checked on the fibers. Hence it suffices to prove the following statement: let t be 
a geometric point of P^'*^, and u:X ^ ^{t)*J^^ a corresponding presentation on the fiber 
C{t); then t lies in L^'"^ if and only if the adjoint u'^: (p{t)*I — > JT"^ is surjective. 

Form 1^ := 10ct(t)-i the quotient of X ® Cct(t) by its torsion subsheaf. Form the 
natural presentation /i:X — > (p{t):^X^ , and let d be its colength. Then u factors as follows: 

u:I ip{t)^I^ ^ (p{t)^J^ 
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where u^:T^ — > J'^ is the induced map. Then ip{t)^u^ is injective. Now, u is of colength 
r. Hence (p{t)^:U^ is an isomorphism if and only if d = r, or equivalently, d> r. Now, tt* 
is surjective if and only if u'^ is an isomorphism. Therefore, tt* is surjective if and only if 
d > r. 

On the other hand, t lies in L^'^ if and only if the point representing I* lies in J^y~^, 
where S is the genus drop along (p and m := 2g — 2 + r — S — n, where g is the arithmetic 
genus of C/S. Let's apply Part (1) of Proposition (4.3) with /C := X*. We conclude that 
t lies in L^'*^ if and only if 5 — r > 5 — d. Therefore, by the preceding paragraph, t lies 
in L^'^ if and only if is surjective. Thus the proposition is proved. 

Theorem (4.9). Let C/S he a flat projective family of integral curves, (p:C^ ^ C be 
a birational S-map, S the genus drop, and Y C C the conductor subscheme. Fix n. Let 
g be the arithmetic genus of C/S, and set m := 2g — 2 — n. Fix k such that < k < S. 
Then the following statements hold. 

(1) If C"^ / S is smooth along the conductor subscheme F^, then i o restricts to a 
closed embedding of schemes, L'^-^^^-k ^ Jcy- 

(2) If C"^ / S is smooth along and C/S is Gorenstein along Y , then set-theoretically 

jn jn,k — l T^n,5 — k 

jn,k jn,k-l _ ( rm-k,S-k\ 

Proof. To prove (1), we may change the base via an etale surjective map S' — > S. We 
may thus assume that there exists a universal presentation on C x pm-k,6-k^ Since 
is proper and l is an isomorphism, it is enough to show that the restriction, 

^ I rm—k,S—k 

is a monomorphism. 

Let h:X ^ ^t*J^ be a presentation corresponding to a T-point of i,'^->'^^-k_ gy 
Proposition (4.8), the adjoint h'^-.cp^I J"^ is surjective. Set U := C — Y. Then (fx 
is an isomorphism over Ut- Let i: Ut Ct denote the inclusion, and j'.Ux — ^ its 
lifting. Let denote the image of the natural map u: ip^X — > j*i*X., and f : X — > ipT* 
its adjoint. We need only show that v is a presentation equivalent to h. 

Consider the following commutative diagram on Cj,: 

<P*tX > Jt 

jj*X j.j*J^ 

where w is the natural map. Since Cok{h) is supported outside Ut, the map j*j*h^ is 
an isomorphism. Since the associated points of J^^ lie in jiUr), the map w is injective. 
Since /i" is surjective, and X^ is the image of u, the map j^j*h^ induces an isomorphism 
c:X^ j"^ such that /if* = cu. By adjunction, h is equivalent to v. Thus (1) is proved. 

Consider (2) now. The asserted equations may be checked on the fibers over S. Since 
C/S is Gorenstein along y, forming the presentation scheme commutes with changing 
S\ see (3.1). So we may assume that S is the spectrum of an algebraically closed field. 
Let t be a closed point of Jg, and /C a corresponding sheaf on C. Set 

c := length(/C/Xr/C) and d := length (/C* Oct /IC). 
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Since is smooth along , Part (1) of Proposition (4.3) says that 

t e Jci'^ if and only k - 1 > 6 - d. (4.9.1) 

In addition, since C/S is Gorenstein along Y, Part (3) of Proposition (4.5) says that 
there is a presentation u: JC* — > J"^ of colength S. Since the associated copresentation 
u*: (p^J^ — > /C is of colength 5 as well, we have c> 5. Hence, Part (2) of Proposition (4.3) 
says that 

t e K^'^-'' if and only if d < S - k. (4.9.2) 

Since either d>5-k + loTd<5-k, it follows from (4.9.1) and (4.9.2) that Jc,y~^ 
and K'^'^~'' are disjoint and cover Jg. Thus the first asserted equation holds. 
By Part (1) of Proposition (4.3), we have 

t e Jc]y - Jc,Y~^ if and only if k = S - d. (4.9.3) 
On the other hand, by definition, 

L o K^{L'^-^^^-^) = JJ^ n K^'-'-^ (4.9.4) 

By Part (2) of Proposition (4.3), t e K^'^-'' if and only if d < 5 - k. By Part (1) of 
Proposition (4.3), t G J^'y if and only if k > S — d. Hence, (4.9.4) implies that 

tELo K^{L'^-^'^-'') if and only if k = 6 - d. (4.9.5) 

Combining (4.9.3) and (4.9.5), we obtain the second asserted equation. Thus the Theo- 
rem is proved. 



5. The lifted Abel map 

Proposition (5.1). Let J-' be a torsion-free rank-1 sheaf on a flat projective family 
C/S of integral curves. Let Lp:C'^ — > C he a birational S-map, Y C C its conductor 
subscheme, and Xy its conductor ideal. Then the following statements hold. 

(1) There is, up to equivalence, at most one presentation h:!F ^ ^^T'^ whose adjoint 
h^: (p*T is surjective. 

(2) Assume that there is a presentation h as in (1), and let h*:ip^,J-'^ J-'* be the 
associated map. If Im{h*) = XyT* , then h is the only presentation whose source is T . 

(3) Assume that Y is flat, and that forming Y commutes with changing S. Assume 
that is invertible along Y . Then there is one and only one presentation h:J-^ (f^^J-^ 
whose source is its adjoint hH^: ip*J^ — > is surjective, and Im{h*) = XyJ-* . 

Proof. Let's prove (1) and (2) first. Let u:T ^ (p*Q^ be any presentation, and h 
be as in (1). Since h is a presentation, Ker{h^) contains no fiber of C/S in its support. 
So u^{Ker{0)) is a subsheaf of whose support contains no generic point of any fiber. 
Hence, since is torsion-free, u^{Ker{0)) = 0. So i^er(/i'^) C Ker{u'^). Hence, since h'^ 
is surjective, tt' factors through a unique map v: ^ . By adjunction, u — (p^v o h. 

To prove (1), assume that tt" is surjective as well. By reversing the roles of u and h in 
the above argument, we get an inverse to v. So u and h are equivalent. Thus (1) holds. 

To prove (2), assume that Im{h*) = XyT^ . Let -u*: •p^Q'^ — > JF* and t;*: Q'^ T'^ be 
the maps associated to u and v. They are injective. Moreover, u* — h* o (f^v*; whence, 
Im{h*) D Im{u*). Since u* is a copresentation, Im{u*) D XyJ^*. So Im{u*) = Im{h*). 
Therefore, (p^v* is an isomorphism. By Lemma (3.4), v* is then an isomorphism, and so 
V is an isomorphism. Hence u and h are equivalent. Thus (2) holds. 
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Let's prove (3). It follows from the short exact sequence, 

^ OclTy ^ v?* Oct Ay ^ ^.Oc^lOc ^ 0, 

that the conductor subscheme Y'^ C is flat, and that forming Y'^ commutes with 
changing S. Since ^* is invertible along F, the puUback (/;*(JF*) is invertible along Y'^ . 
Hence the restrictions J^*|y and <^*(^*)|y'' are flat, and forming them commutes with 
changing S. Therefore, XyT* and 2yt<^*(^*) are flat, and forming them commutes with 
changing 5'. 

Since Xy and Xyt are the conductor ideals, XyT^ = (/7*(Xyt</?*(^*))- So the inclusion 
XyJ^* J^* is a copresentation. Consider the associated presentation, 

h:T-^ip^J^^ where J^^= (JytV?*(^*))*- 

By construction, Im{h*) = XyJ-'*. Next, we'll prove that the adjoint h^:ip*J-' —>■ T'^ is 
surjective. Then (2) will imply that h is unique. Thus h will be as asserted. 

Let s E S and set := Im{h^{s)). Then h{s) factors through (p{s)^j\ and the 
associated copresentation factors as follows: 

So Im{h{s)*) C Im{w). Now, Im{h{s)*) is equal to Xy(g)^(s)*, and Xy(s)jF(s)* is the 
largest Cct(s)-module contained in J^{s)* because T{s)* is invertible along Y{s). Hence 
Im{h{s)*) = Im{w). Hence v is bijective. So v*: </3(s)* J"'' — > (p{s)^J^{s) is bijective. 
Hence J"'' = J^{s). Hence /i*(s) is surjective for each s E S. Therefore, h'^ is surjective. 
The proof is now complete. 

Example (5.2). Preserve the conditions of (5.1). Suppose Y is flat and forming Y 

commutes with changing 5". (As noted in (3.1), these conditions hold if (5 = 1 or if C/^ is 
Gorenstein along Y.) Since UJq< = Oc, by Part (3) of Proposition (5.1), there is a unique 
presentation h: LOc ^^T^^ ■ In this case, the proof shows that JF^ — Xy^. If also (7/5 is 
Gorenstein along y, then the comorphism (^"rO^ ~^ '^*Oc\ is the unique presentation 
with source Oc-, again by Part (3) of Proposition (5.1). 

Though important, the sheaves UJc and Oq are not the only examples of a sheaf 
T admitting one and only one presentation with T as source. For instance, over an 
algebraically closed field, consider the map, 

ip: ^ P-* given by ^{s : t) := (s^ : s^t^ : sH^ : st^ : t^). 

Set C V7(pi) and Q := (/?(1 : 0). Define an ideal C C»c by J^q := {t^,t^)Oc,Q and 
:= Oc,R for i? e C — Q. Then J^Opi = f^Opi, which is the conductor ideal. If there 
were a presentation of the form T — > ip^{t"'Opi) for n < 3, then we'd have e J-'q, a 
contradiction. So — > (p^{t'^Opi) is the unique presentation with as source. Note 
that J^Q is not principal. Neither is J^q because UJc,q — {t^,t^ ■,t^)Oc,Q- 

Definition (5.3). Let C/S he a flat projective family of integral curves of arithmetic 
genus g. Let — >^ C be a birational S'-map, 5 its genus change, Y C C and C 
its conductor subschemes; see (3.1). As in (3.9), let J^y denote the open subscheme of 
Jq of sheaves X such that X* is invertible along Y. Let and JF^^ be torsion-free rank-1 
sheaves on C / S and /S of degree / and /', respectively. As in (4.1), set 

w:^;} -.^w^'" n ( J^y X Quot^), 
W^,^%, ■.=W^^^ n (J^t,rt X Quot^t). 
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For convenience, set Wye •= ^yOc ^y^t'ct '■~ ^y^'^o t' 
Assume that there is a presentation, 

whose adjoint }t^: ^p*T — > T'^ is surjective. Define an 5'-map, 

dh'- Quot^t Quot^, 

as follows: given a T-point q of Quot^t? l^t j'^ C T\. be the corresponding subsheaf, 
and define Oh{fl) to be the T-point of Quot^ representing the subsheaf J C Tt given by 

To see that Q}^ is well defined, we have to see that TtI J is flat and of length 1. To do 
so, it is enough to see that the following composite map u is surjective: 

u:Tt ¥'T*-^T ~^ ^t*{T\,I j'^). 

So suppose there is a point t E T such that the fiber u{t) is not surjective. Since 
T"^{t)/J'^t) is of length 1, it follows that h{t) factors through and thus the 

adjoint /i*(t) factors through J7'^(t). However, on the contrary, /i" is surjective. Thus u 
is surjective, and so 9h is well defined. 
Next we are going to define an 5'-map, 

m. jm jm—25 

Let X be a torsion-free rank-1 sheaf on Ct/T such that X* is invertible along Yt- Then 
the puUback (p^{I*) is torsion-free rank-1 on C^/T. Sending X to (p^{I*)* defines p"^. 
We will often abbreviate p"* by p. 

Finally, form the following open subscheme: 

C^t := (P X l)-'W^-p' C J^^y X Quot^t . 

It represents the etale sheaf associated to the subfunctor whose T-points are those pairs 
(X, J"*") such that X* is invertible along Yt and (p^{I*) is invertible where J"'' is not 
invertible. By sending (X, J'^) to 

(X* {hT\jyy, where J := h^^{(fiT*J^) and {hT\J): J ^ Vt*J\ 

we define an jS-map, 

K,h- ^;?^t ^ PJp^'' where r' := m - I + f - 2g + 2 Bxvd 5' := 5 + f - f. 

We will call A^^ the /i/tec? v4feeZ ma^ of degree m. We will often abbreviate A^^ by A<^^^. 

To see that X^^h is well defined, we have to see that X* (8) (/^tI J^)* is a copresentation 
of colength 5'. Consider the following commutative diagram, 

J ^ ^ <PT*J^ ^ Cok{hT\J) 

V 

Tt ^ ^ <^T*-^T ^ Cok{hT) 

u 

(TI/J^) — <PT*{^l/J^) 

By the Nine Lemma, the induced map v is an isomorphism. Hence, since /i is a presen- 
tation of colength 5', so is HtIJ- 
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Since Cok{hT) has support in Yt, the map /it|i7 is an isomorphism off Yt- Also (fT 
restricts to an isomorphism from C\, — Y^ onto Ct — Yt- Hence the points of — Y^ 
where is not invertible are just those lying over the points of Ct — Yt where J* is 
not invertible. On the other hand, since X* is invertible along Yy, its puUback ip^iX*) 
is invertible along Y^. It follows that I* ® {hT\JY is a copresentation of colength 5' . 
Thus A(p,/i is well defined. 

Note in passing that we have established the equation, 

^;?^t = (1 X e^^r'w^j^. (5.3.1) 

In particular, 1 x carries V^_^| into Wyjr. 

Theorem (5.4). Let C/S be a flat projective family of integral curves of arithmetic 
genus g. Let ip: ^ C be a birational S-map, 5 its genus change, Y C C and Y^^ C 
its conductor subschemes. Let T and T'^ be torsion-free rank-1 sheaves on C / S and 
C"^ / S of degrees f and f. Assume there is a presentation h:T^ p^T'^ whose adjoint 
0: (p*T — > is surjective, and let h*: cp^T^ — > be the associated map. Fix m. Set 

r := m - 1 + / - 2^ + 2, r' := m - 1 + /' - 2^ + 2, and S' := S + f - f. 

Then the following two diagrams are commutative: 

ym '^V'f' pr',5' -,rm ^'^■'^ . pr',5' 



pxl 



TT^m-2(5,l jr' , Tr 

The second is a product square if also Im{h*) = XyjF*. 

Proof. For each diagram, commutativity results directly from the definitions. So 
there is a natural map, 

Assume that Im{h*) = lyT* . Then we have to check that 7 is an isomorphism. To do 
so, we may change the base to an etale covering of S. Thus we may assume that the 
smooth locus of C/S admits a section. (Alternatively, we could work directly, over the 
given S, with the map of presheaves of T-points that we used to define 7.) 
First, let's check that 7 is surjective on T-points. So take /S-maps, 

{ti,t2):T^ J^Y X Quot^ and t:T ^ P^'^\ 

where T is an arbitrary locally Noetherian S'-scheme, such that (^1,^2) factors through 
W^'^ and 

aj7{ti,t2) = K^t. (5.4.1) 

Say J' C J-'t defines t2- Since the smooth locus of C/S admits a section, there is a 
torsion-free rank-1 sheaf I on Ct/T defining ti, and there is a presentation u:K- ^ pT* 
defining t. Since (ti,t2) factors through Wy'^p, the sheaf X* is invertible along Yt and 
where J'* is not invertible. Let U C Ct be the open subset where X* is invertible. 

Because of (5.4.1), the sheaves JC and (X* (8) J*)* differ by tensor product with the 
puUback of an invertible sheaf on T. We may replace X by its tensor product with this 
puUback, and so assume that /C* = X* J*. Then u induces a copresentation 

u*: ipT^lO* ^ X* J\ 
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Define a subsheaf £ C J"* as follows. On Ct — Yt define C to be J"*. On U define C 
to be Im{u*)\U ® The sheaf C is defined everywhere because U D Yr- Since 

Im{u*) is equal to 2* (g) J* away from Yt, the sheaf C is well defined and 

I* 0jC = Im{u*). (5.4.2) 

Since J* is invertible along Yt, it follows that there is a torsion-free rank-1 sheaf on 
Cyr such that C = (/?t* J^*- 

Since u* is a copresentation with colength S' , it follows that the quotient j L is an 
Oyj,-module of relative length 5' . In particular, L D Xy^J*. Now, the inclusion JT" C J^t 
induces a map Xy^Tt Xy^J'^ ■ Finally, our hypothesis that Im{h*) = XyJ^* implies 
that hT{(pT*^T ) — Iyt^t- together, these relations yield a map <^t*^t ~^ ^• 

Since C = (fT* the map (pT*J'T ~^ ^ the inclusion C, ^ J* yield maps w 
and V, which help form the following commutative diagram on Ct'- 

(5.4.3) 

J-T ^ ^)T*J't 

By Lemma (3.4), there is a unique map w^-.j"^ — > Tt such that w = i^t*w^ ■ Since 
the relative colengths of v and /ly are both equal to 8' , that of is 1. Hence Im{w'^) 
defines an 5'-map t^'-T ^ Quot^f It is clear from (5.4.3) that t2 = Oht^- Now, (^1,^2) 
factors through Wy^- Hence, by (5.3.1), 

{ti,t\):T ^ J^^Y X Quot^t 
factors through V^j-^. Finally, it is clear from (5.4.2) that t — A(^^fo(ti, 4)- Hence, 

7(ti,4) = ((ti,t2),t). 

Thus 7 is indeed surjective on T-points. 

To show that 7 is injective on T-points, let t'2'.T ^ Quot^t be another 5'-map such 
that (^1,^2) factors through V^j.^ and such that 

^{tuQ = {{ti,t2),t). (5.4.4) 

We have to show that = ^2- To do so, say t'2 corresponds to jV"'' C J^t, and set 

U:= h:j}{^pTM^)^TT. 

By definition, M corresponds to 6h{t'2)- However, 9h{t'^ = ^2 by (5.4.4). Hence M = J . 

By definition, X* ® (/itIA/")* is the copresentation corresponding to A(^,/i,(ti, ^2). The 
latter is equal to t by (5.4.4). However, t = A<^^/i(ti, ^2)- Hence, X* C?) (/irlA/")* and u* are 
equivalent copresentations. Now, jC — (pT*J'^*', so (5.4.2) yields Im{u*) = X* ® (pT*J^^*- 
Also M = J . Therefore, (fT*J^ and (fT*J^^ have the same image in J*. Hence, 
w{(pT*J^^) and (pT*J^'^ are equal in ipT*J'T- Hence, w^j"^) and are equal in T^,. So 
t'2 =4- Thus 7 is injective on T-points, and the proof is complete. 

Corollary (5.5). Let C/S he a flat projective family of integral curves of arithmetic 
genus g. Let ip:0^C he a birational S-map, 5 its genus change, Y <Z C and C 

its conductor subschemes, and 99*: Oc — (p*Oct its comorphism. Fix m. Assume that 
C/S and C"^ / S are Gorenstein, set V^^^ := V^q^^, and define the map 

K-K^c^ ^ ^""''"^ {I,J^)^I^ {<fiUj) where J := {<f{,)-\<fiT*J^). 
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Then the following two diagrams are commutative, and the second is a product square: 



ym 



>m — 1,5 



T/m 



^ pm — 1,5 



Vt 



■m— 1 



m.l 



□ 

Ac 



where Aq\ and Aq are given by simple tensor product. 



Proof. Observe that O^t — (p under the natural identifications. 



Quot^^ = C and Quot^^^ = C^; 



so in the second diagram, 1 x (/? is weU defined. Since C / S is Gorenstein, a torsion-free 
rank-1 sheaf X on C is invertible precisely where X* is; similarly, for /S. It follows that 
(f* X 1, A(^t, and Ac are well defined. By the same token, A^p is well defined, because 
(fij^lJ' is a presentation of colength 5, as we noted toward the end of (5.3). Thus the 
diagrams make sense. For each one, commutativity results directly from the definitions. 
To prove that the second diagram is a product square, apply Theorem (5.4) with 
.= We have /m((/?« ) = lyUJc by (3.1.1) since C/S is Gorenstein. Now, since the 
dualizing sheaf LUc is invertible, tensoring with it defines an isomorphism. 



r 



pm-l-2g+2,S 



pm- 



-1,5 



We have A,, 



t' oX 



indeed, we can prove it the same way that we proved that 



Ac = T o ac in the proof of Corollary (2.6). Hence the second diagram is a product 
square because, in Theorem (5.4), the second diagram is one. The proof is now complete. 



6. Double points 

Proposition (6.1). Let C be a projective integral curve over an algebraically closed 
field k, and Q a singular point. Then the following conditions are equivalent: 

(i) the point Q is a double point; 

(ii) there exist variables u,v and formal power series a('u), b{u) such that 

^c,Q — k[[u, v]]/{v'^ + a{u)uv + 6(tt)tt^); 

(iii) given any torsion-free rank-1 sheaf X on C , at most two elements are required to 
generate its stalk Xq ; 

(iv) we have dimk Oc,q/™^^q < 5; 

(v) along the blowup (f):C ^ C at Q, the genus drop S(j, is equal to 1. 

Proof. For convenience, set A := Oc,q, set m := nic,Q, set / := Xq, and set 
B := {cf),0~)Q. 

Assume (i). Since k is infinite, there is by [11, Thm. 22, p. 294] a parameter u of A 
such that the ideal (u) has multiplicity 2. Since u is not a zero-divisor, A/{u) has length 
2. Moreover, the completion A contains the formal power series ring Hence A is a 

free module of rank 2 over Therefore, A is of the form f ]]/(F) where F is a 

monic polynomial of degree 2 in v with coefficients in Since A is singular, F must 

lie in (tt, v)^; so F must be of the form indicated in (ii). Thus (ii) holds. 

Assume (ii) and consider (iii). Then the completion / is a free A;[[tt]]-module. It is of 
rank 2 because A is. Thus (iii) holds. 



March 25, 2000 



ABEL MAPS AND PRESENTATION SCHEMES 



27 



Assume (iii). Then (iv) holds because we always have 

dim/c A/ra? = dim^ A/m + dim/j m/m^ + dim^ m^/m^. (6.1.1) 

Assume (iv). Then the right side of (6.1.1) is at most 5. Now, since A is singular, then 
both m/m^ and m^/m^ have dimension at least 2, so exactly 2. Hence, A is of the form 
f]]/(F) where F e (u, f)^, but F ^ {u,v)^. Consequently, A has multiplicity 2. So 
(i) holds. 

Assume (ii) and consider (v). Set w := v/u. Then B = A[w]. Now, A[w] = A + kw 
since + a{u)w + h{u) = 0. Hence, (v) holds. 
Assume (v). Then we have 

dimfc B/m = dim^ B/A + dim^ A/m=l + l=:2. 

Now, diuikB/mB > 1; otherwise, A/m B/mB is surjective, and so, by Nakayama's 
lemma, A ^ B is surjective, contrary to our hypothesis. Hence m = mB — tB for some 
t. Therefore, 

B/m m/m^ m^/m^ • • • . 

Consequently, Equation (6.1.1) yields (iv). Alternatively, (i) holds by the definition of 
multiplicity. The proof of the proposition is now complete. 

Proposition (6.2). Let C/S be a flat projective family of integral curves, and Q a 
flat closed subscheme of the singular locus of C/S {which is the subscheme of C defined 
by the first Fitting ideal of the sheaf of differentials Q^^g). Assume that Q{s) is a double 
point of C{s) for each geometric point s of S . Let M. C Oc denote the ideal of Q; set 
B := Hom{M.^ M.) and C* := Spec(i3). Let C be the blowup of C along Q. Then C* and 
C are C -isomorphic, flat^projective families of integral curves with genus drop 1 from C ; 
moreover, forming C* , C, and the isomorphism commutes with changing S. 

Proof. To prove that C / S is flat and that, given a base change T ^ S, the induced 
map (C X T)~ — > C x T is an isomorphism, we may replace S by Spec Os,s where s 
is an arbitrary point of S. Then, we may replace Os,s by a flat local over-ring whose 
residue field is algebraically closed; such a ring exists by [8, Om 10.3.1, p. 20]. We may 
now embed C into a projective family of surfaces F/S that is smooth along Q since 
Q{s) is a surficial singularity. Indeed, we can construct F/S using Bertini's theorem on 
the hypersurfaces of high degree containing C in an ambient projective space; for more 
details, see the beginning of the proof of [7, (3.4)]. 

Consider the nested sequence Q C C C F, and let Tq/f and Xc/f denote the ideals. 
Restrict to Q the usual right exact sequence, getting 

^C/f/^C/f\Q ~^ ^F/s\Q ~^ ^C/s\Q ~^ 0- 

The middle term is locally free of rank 2; in fact, it is equal to Iq/f/Iq,^.. So we can 
use this sequence to compute the first Fitting ideal of the third term. We find that, since 
Q lies in the singular locus of C/S, we have Tc/f C ^Q/p- Moreover, T(j/f{s) ^ ^q/f(*) 
for each s & S because Q{s) is a double point. 

Form the blowup map (3: F ^ F along Q, and denote the exceptional divisor by E. 
Now, f3~^C is a relative effective Cartier divisor on a neighborhood of £■ in F because 
F/S is smooth along Q. Moreover, (3~^C > 2E because Xc/f -^/f- ^ 

residual scheme to 2E in P~^C; so, R = f3~^C — 2E on a neighborhood of E, and R = C 
off E. Then R is flat, and forming it commutes with changing S. Now, E restricts to 
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a Cartier divisor on R because Ic/f{s) 't- '^Q/pi^) Q^<^ s E S. Since E restricts to 

a Cartier divisor on C as well, C = R because each side is equal to its closure in F of 
its restriction to F — E. Hence C is flat, and forming it commutes with changing S. 
Moreover, by Lemma (6.1), the genus drop from C to (7 is 1. 

It remains to prove that C* is equal to C. Let (f):C ^ C denote the structure map. 
Set Q := (j)~^Q, and let Ai denote its ideal. The genus drop of is 1, so Q/'S' is flat of 
relative length 2 by [5, Prop. 2, p. 17]. So = (p^M. Hence 

B = Hom{(f)^M, 
By Lemma (3.4), or rather its local version, we have 

Hom((f)^M, 4>*M) = 4>*Hom{M, M). 

Now, M is invertible; so Hom{M, M) = 0~. Hence B = (p^O~. Now, Spec((/)*0~) = C 
since (j) is flnite, so afflne. Therefore, C* = C, and the proof is complete. 

Theorem (6.3). Let C / S he a flat projective family of integral curves, and Q a flat 
closed suhscheme of the singular locus of C/S. Assume that Q{s) is a double point of 
C{s) for each geometric point s of S. Let (f):C ^ C be the blowup along Q. If the smooth 
locus of C/S admits a section, then the presentation scheme P^'^ is a -bundle over 
the compactified Jacobian J—. 

Proof. By Proposition (6.2), (/> is a birational ^-map with genus drop 1. So we may 
consider its presentation scheme -P^'"^. Assume that the smooth locus of C/S admits a 

section. Then C x J~ admits a universal sheaf X. Set 
c 

.F:=((<^xl),X)|(Qx Jg^). 

Then P^'^ = P(J^) by [5, Thm. 10, p. 21], because the genus drop along is 1. We have 
to prove that is locally free of rank 2. 

Set Q := (j)~^Q, and denote its ideal by^A^. Since (/> is a birational 5'-map with genus 
drop 1, by [5, Prop. 2, p. 17] the scheme Q is flat. In addition, is invertible since (f) is 
the blowup map at Q. Consider the sequence, 

where p:C x J~ C is the projection. Since M. is invertible, and forming it commutes 

c 

with changing S, and since X is torsion- free rank-1 on C x J2?/J2?, the sequence is exact 
on the flbers over J-. Hence (it is exact, and) the third term is flat over J~ by [8, IV3 
11.3.7, p. 135]. So JF is locally free. 

To compute the rank of JF, we may assume that 5" is the spectrum of an algebraically 
closed field. The rank of is the minimal number of generators at Q of any fiber of 

{(j) X 1)*X over J~. By Lemma (3.8), no fiber is invertible at Q, hence the rank is at 

c 

least 2. On the other hand, the rank is at most 2 by Condition (iii) of Proposition (6.1). 
Thus the rank is 2, and the proof is complete. 

Lemma (6.4). Let C be a projective integral curve over an algebraically closed field, 
Q a double point of C , and I a torsion-free rank-1 sheaf on C. Denote by (f):C ^ C the 
blowup at Q. Then the following assertions hold. 
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(1) Let (p:C^ ^ C be a birational map that is nontrivial over Q. Then there are three 
possibilities for the fiber (p~^Q: two simple points, one simple point, or one double point. 

Moreover, ip factors through the blowup (/}:C^C. 

(2) There exists a torsion-free rank-1 sheaf X on C such that = 1 if and only if I 
is not invertible at Q. If I exists, then it is unique. 

(3) There exist a unique birational map Lp:0 ^ C that is trivial off Q, and a unique 
torsion-free rank-1 sheaf T^ on such that is invertible along (p~^Q and ip^X^ = X. 

Proof. To prove (1), form the sum of the multiphcities of the points in (p~^Q. This 
sum is always at most the multiphcity of Q (look at the puUback of an element u e Oc,q 
such that the ideal uOc,q is of the same multiplicity as Q). The first assertion follows 
immediately. 

Consider the second assertion of (1) and also (2). Proposition (6.2) says that C is 
isomorphic over C to C*, where C* := Spec(iJom(A^, So the second assertion of 

(1) follows from Part (3) of Lemma (3.7), and (2) follows from Lemma (3.8). 

Consider (3). Suppose X is invertible at Q. Then Ic is a suitable (/?. There can be no 
other; indeed, any other would factor through C by (1), and so lead to a contradiction 
of (2). So suppose X is not invertible at Q. Then by (2) there is an X on C such that 
= X. 

Let d be the genus drop to the (partial) normalization of C at Q, and proceed by 
induction on S. Suppose S = 1. Then 0: C — > C is the only nontrivial birational map 
trivial off Q, and X is invertible along (f)~^Q. So (3) holds in this case. 

Suppose 5 > 2. By Condition (v) of Proposition (6.1), the genus drop along (p is 1. So 
(1) implies that 4>~^Q consists of one double point. Hence, by induction, we may assume 
that (3) holds for C and X. The existence of a ^ C and of an follows directly, 

and their uniqueness follows because any suitable must factor through an — > C 
by (1), and any suitable X^ must satisfy (f'^X^ = X by Lemma (3.4). Thus (3) holds, and 
the proof is complete. 

Lemma (6.5). Let C be a projective integral curve over an algebraically closed field, 
and Y (Z C a closed subset. Fix n. Then the following assertions hold. 

(1) Let (p-.C'^^C be a birational map that is trivial offY. Then 

(2) Let (fi'.Cl^C and (p2-Cl — > C be birational maps that are trivial offY. Then 
there exists an isomorphism /x: C\ C\ such that <pi = <P2 ° fJ' if and only if 

1 '^1 2 '^2 

Proof. Let's prove (1). Let t e J^^ ^^-ly be a closed point, and K,^ a corresponding 
sheaf on . Set /C := Since (p is trivial off Y, its conductor subscheme on is 

set-theoretically contained in (f~^Y. So JC^ is invertible along the conductor subscheme. 
Then Part (1) of Proposition (4.3) says that e^{t) e J^'y if and only if A; > 5^. Thus (1) 
is proved. 

Let's prove (2). If an isomorphism /x exists, then certainly (6.5.1) holds; in fact, the 
two images coincide. 

Conversely, suppose (6.5.1) holds. Then there exist three torsion-free rank-1 sheaves, 
X on C and xj on C| and x| on C^, such that x| is invertible along (p^^Y and X = (pi^xj. 
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Write X = J ® L where J is the ideal of a closed subscheme Z G C with support in Y 
and £ is a torsion-free rank-1 sheaf on C that is invertible along Y. Set := J'O^u 

Since C is invertible along Y, the puUback (p*jC is a torsion- free rank-1 sheaf on Cj that 
is invertible along (p~^Y. Hence xj = j} ® Since is invertible along ip~^Y , so 

is j} . Moreover, since I = (pi*xj, the projection formula yields J = ^i^j} . 

Let 0: C — > C be the blowup of C along Z. By the universal property, since 
is invertible, Lpi factors through Let i^i'-Cj — > C denote the induced map. Set 
J := JO~. Then J = V'i* 

since J" = Since J" and are invertible, therefore 

the comorphism : O-x — > '0i*0^t is an isomorphism. So ipi is an isomorphism. Let 

-1 4-4- 

/X := ■02 ° V'l- Then /x: Cj ^ C2 is the desired isomorphism. The proof is now complete. 

Proposition (6.6). Let C he a projective integral curve over an algebraically closed 
field, Y d C a closed subset. Assume that Y consists of points of multiplicity at most 2. 
Fix k > 0. Then 

jn,k _ TT / jfi-S^ X 

C,Y — J_L ^V'Wct,y,-ir/ 

{ip\5ip<k} 

where the disjoint union runs over all birational maps (f.C"^ —>■ C that have genus drop 
at most k and that are trivial offY. 

Proof. By convention, J^y^ = 0; see (4.1). By Part (1) of Proposition (4.4), 

k>0 

By Parts (1) and (2) of Lemma (6.5), we have only to prove that 

Jc= U (6-6.1) 

{¥'l<5<^>0} 

where the union runs over all birational maps (p: ^ C that are trivial off Y. 

Let Sy denote the genus drop to the (partial) normalization of C along Y. We'll prove 

(6.6.1) by induction on 6y- If ^y — 0, then C is smooth along Y. So Ic is the only 
birational map — > C that is trivial off Y. Moreover, every torsion-free rank-1 sheaf 
on C is invertible along Y. Hence (6.6.1) holds in this case. 

Suppose 5y > 0. Let t be a closed point of Jg, and /C a corresponding sheaf. We have 
to construct a birational map (p: such that 

t e e^{J^;^;_,y). (6.6.2) 

Suppose that /C is invertible at every point of Y. Take ip := Ic- Then Sip = 0. Now, C 
is Gorenstein along Y by Proposition (6.1). Hence /C* too is invertible along Y. Hence 

(6.6.2) holds. 

Suppose that JC is not invertible at Q e y. Then Q is double. By Part (3) of 
Lemma (6.4), there exist a birational map (l):C' ^ C that is trivial oflF Q, and a torsion- 
free rank-1 sheaf K,' on C such that K,' is invertible along 4'~^Q and cp^JC' = /C. Set 
Y' := (/)~^Y. By Part (1) of Lemma (6.4), the points of Y' have multiplicity at most 2 in 
C. Since JC is not invertible at Q, the genus drop along is positive. Hence, the genus 
drop to the normalization of C along Y' is strictly less than 5y- 

By induction, (6.6.1) holds for C and Y'. So there exist a birational map ip: — > C 
that is trivial off Y', and a torsion- free rank-1 sheaf JC^ on C''' such that K,^ is invertible 
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along i/j ^Y' and if^^fC^ = K,'. Set (f := (f) o i/j . Then K.^* is invertible along ip and 
(p^JC^ = JC. So (6.6.2) holds. Thus (6.6.1) holds, and the proof is complete. 

Theorem (6.7). Let C be a projective integral curve of arithmetic genus g over an 
algebraically closed field. Fixn. Assume that C is Gorenstein. ThenC has double points 
at worst if and only if dim.{J(j — Jq'c) < (7 — 2. // so, then equality holds, unless C is 
smooth or has just one singular point, which is either an ordinary double point or cusp; 
in the exceptional case, Jq = Jcc- 

Proof. First suppose dim(J5 - J^'^) < g-2. Let Q e C be a singular point. By 
Parts (2) and (3) of Lemma (3.7), there exists a unique birational map ^ C that 

is trivial off Q and has 6(^ — 1. The associated map embeds the Jacobian J^^^ in 
as a locally closed subset of dimension g — 1. Hence this subset meets Jcc- there 
exist an invertible sheaf JC^ on C^", a torsion- free rank-1 sheaf £, on C, and a subsheaf 
X C UJc of colcngth 1 such that £* is invertible and ip^^C"^ = (£* ® X*)*. 

As UJc is invertible, so is C. Set M := T ^UJ^}. Then A4 is the ideal of a point of C, 
and Equations (2.6.3) and (2.6.4) yield the equation, 

(C* ^X*y = C^M. (6.7.1) 

By the projection formula, A4 = tp^.{C^ (S> (p*C~^). So Ai is contained in the conductor 
ideal of (p, whence must be equal to it because (p is nontrivial. Hence A4 is the ideal of Q. 
Moreover, ip*M. has an invertible quotient, namely, (p*jC~^. So (p factors through 
the blowup </) of C at Q; hence, (p = (f) because S^p = 1. By Proposition (6.1), the point 
Q is double. 

Conversely, suppose that every singular point Q of C is double. Then Proposition (6.6) 
implies that 

Jc-Jci- U e^oc{4r'--+'n- (6.7.2) 

W\S<p>2} 

Hence, either = J^'^ or else there exists a (p with > 2. 

Suppose that ip has 5^ > 2. Then ip factors through the blowup (7 ^ C at Q 
by Proposition (6.2) and Part (3) of Proposition (3.7). Moreover, S^p = 1 hy Proposi- 
tion (6.1), and (t>~^Q is a double point by Part (1) of Lemma (6.4). Form the blowup 0' 
of C at Then S^^ = 1 by Proposition (6.1). Set ip' := (p o Then 5^' = 2. Now, 

o /, is an embedding, and the dimension of J^^ ^ '^+5^ \& g — 5^,. Therefore, (6.7.2) 
yields dim( - Jg^) =g-2. 

On the other hand, suppose that = Jcc- Then every (p:C^^C has genus drop 
at most 1. In particular, the normalization map does. Hence C is smooth or has just one 
singular point, either an ordinary double point or a cusp. Thus the theorem is proved. 

Corollary (6.8). Let C be a projective integral curve of arithmetic genus g over an 
algebraically closed field. Fixn. Assume that C is Gorenstein. LetV C Jc be the image 
of the Abel map of bidegree (n + 1, 1), 

Ac: Jc'^^ xC^J^, defined by (£, M) ^ £ ® M. 

Then C has double points at worst if and only i/dim(Jg — V) < g — 2. 

Proof. Since the dualizing sheaf UJ is invertible, sending a point to the tensor product 
of its ideal with UJ, we get a natural isomorphism, 

a:C ^ Quotlj . 
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Moreover, a torsion- free rank-1 sheaf £ is invertible if and only if C* is. Hence, 1 jn+i x a 
induces an isomorphism. 

Equation (6.7.1) says in other words that aijj ox — ^c- Hence J^'c ~ Therefore, 
Theorem (6.7) yields the assertion. 
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